Introduction
Economists have based work on the efficiency hypothesis since early 1950s. The approach stipulates that all the information relevant to the evaluation of financial assets is reflected instantly in prices. Such an approach therefore includes immediately the consequences of past events and precisely reflects anticipations expressed concerning future events. As a result, the price of a financial asset is at all times an unbiased estimate of its intrinsic value. It is therefore impossible to forecast its future variations as all the known or anticipated events have already been incorporated in its present value.
In fact, the efficient market hypothesis corresponds to the equilibrium theory applied to securities markets. The efficiency hypothesis assumes that agents are scattered.
Participants are in active competition with the aim of making profits so none of them can be the sole influence on the prices that form on the market. Because of the active presence of a great number of market operators, the price differences observed in relation to the basic value will decrease. Furthermore, while the prices clearly reflect the information available, all the future events on which business profits depend are identified.
According to Jacquillat and Solnik (1997) , the information-efficient market concept has extreme implications for portfolio management. Only investors who possess special information can hope to draw regular, abnormal returns.
In a general manner, efficiency tests are divided into three categories according to the information used in the forecasting attempt (Fama, 1991) :
Weak efficiency: technical analysis is considered to be inoperative with low efficiency! Past prices cannot be used to forecast future prices. Only so-called historical information is included in the price. In other words, is it possible to make a profitable forecast when the information used in the forecasting attempt is limited to historical stock exchange data? Past prices play a central but not exclusive role in the information that can be used in this way. The data used here are the most easily available, the least subjective and the most widely disseminated. If it is possible not only to make forecasts using past prices but also to show a profit, the market is weak-form inefficient.
Semi-strong efficiency: here, all public information is added to the weak efficiency.
This may consist of different press announcements or releases such as those concerning an increase in share capital for example. If it is possible to achieve gains greater than the expenses involved in the strategy, with management of a portfolio on the law of public information, the market is semi-strong form inefficient.
Strong-form efficiency: in this case, the market as a whole has special information.
There are no initiates and no returns greater than the market can be obtained. If the use of inside information is profitable then the market is said to be strong-form inefficient.
More generally, the efficiency theory of securities markets stipulates that the price observed reflects all the available information. This being said, all the empirical work conducted to date on efficiency theory is based on parametric methods. To the best of our knowledge, non-parametric methods have never been proposed in this context.
Starting at this point, this article describes the use of a non-parametric study to examine the efficiency of the stock market in the case of France and more specifically the CAC40 share price index. We apply a test to the very recent historical period to see whether cyclical price fluctuations can be explained or not by a random market.
A short description of our method, that is to say a kernel estimator of the functional autoregressive process with non-parametric ARCH error, is provided in the next section.
The efficiency hypothesis is tested on the French market, together with the unpredictable character of the data series studied.
Nonparametric identification and estimation of a functional autoregressive models
The nonparametric estimation of the univariate nonlinear autoregressive (NAR) process with ARCH related errors is of the form: ) σ .
With regard to the process (1), we assume the following [see Doukhan (1994) ]:
(H1) For an integer , the vector process is strictly 
, the estimators can be written as:
is a symmetric probability density (kernel) and is a positive number (bandwidth) with as
, we write:
The Nadaraya-Watson estimator is just a special case of the local linear estimator since it only locally estimates a function that is constant. The asymptotic convergence and asymptotic normality of the Nadaraya-Watson estimator for the nonlinear AR-ARCH model was derived first by Masry and Tjostheim (1995) . However, Härdle, Tsybakov and Yang (1996) derived the asymptotic bias variance and normality for nonlinear vector autoregressive models with a conditional heteroscedasticity for the univariate case:
As
, with asymptotic bias:
And asymptotic variance:
The asymptotic bias of the Nadaraya-Watson estimator is more complicated than the asymptotic bias of the local linear estimator. In addition to the sum of the direct second derivatives of the function with respect to all the regressors that is common to both expressions it also depends on the conditional density function Masry and Tjostheim (1994) , Härdle, Tsybakov and Yang (1996) ]. Such estimates can also be used to construct confidence intervals for ,
. It should also be pointed out that the convergence rate of both estimators depends on the dimension of the regressor matrix.
A bandwidth and a vector of lags must always be specified to apply the local linear estimator to estimate the NAR-ARCH model. Nonparametric model selection is concerned with methods for choosing these numbers. While cross validation has long been used for estimating optimal bandwidth, it is only recently that some of its asymptotic properties have been investigated for lag selection [Vieu (1994) and Yao and Tong (1994) ]. An alternative approach that extends the linear Final Prediction Error (FPE) to nonparametric estimators was pursed by Tjosthein and Auestad (1994) on the basis of the Nadaraya-Watson estimator. However, they did not prove the consistency of their approach. This was done by Tschernig and Yang (1996) who allowed for both the local constant as well as the local linear estimator. In addition, they derived an optimal bandwidth estimate and derived the rates of the asymptotic probabilities of over-and under-fitting. Tschernig and Yang (1998) show that the asymptotic FPE gives a better rate of convergence than the cross-validation method. The other authors used only the Nadaraya-Watson estimator for their lag selection procedures. However, the Nadaraya-Watson estimator has a poor bias rate if the density of the lagged variable is not sufficiently smooth, especially with nonlinear processes. In contrast, the local linear estimator only needs continuity of the density to have an optimal convergence rate [see, for example, Härdle and Al (1998) 
Where the expectation is taken over all the variables .
For the weight function we assume:
(H6) The support of is compact with nonempty interior. The function is continuous, non-negative, and
If the process { is a stationary linear AR process, is a linear regressor, the FPE becomes the usual linear FPE introduced by Akaike (1971) , if the process is a stationary nonlinear AR process and a nonparametric estimator, we have the nonparametric FPE. For these estimators, it can be shown that (7) asymptotically consists of three parts:
Where:
indicates the local constant and local linear estimator respectively. The first part of the formula (8) 
and the minimal AFPE criterions given by: (9) 
The estimators use bandwidths of the same order as the optimal and a fˆ)
is a kernel estimator of the density. As A is the dominant term in the AFPE expression, we look at the asymptotic of , which estimates the mean squared error.
Under assumptions (H1)-(H6), for
Note that with bandwidth h of the form , the nonparametric estimate converges to A at the parametric
In which case the second and third term
The nonparametric estimate of the asymptotic FPE is:
Â is evaluated using the optimal bandwidth , while using any bandwidth of order . Tschernig and Yang (1996) show that these nonparametric FPE estimators are consistent under standard conditions used in nonparametric time series analysis.
However, as they prove there is a larger asymptotic probability to over-fit than to underfit the correct model, where over-fitting is meant to always include all correct lags plus some irrelevant lags. They therefore suggest a correction factor by which the :
where the correction depends on the number of lags k and the number of observations n. Now the selection rule is to choose the subset { } 
The nonparametric predictors of the horizon h for the NAR-ARCH process that are defined by:
The local linear estimator of the prediction function is written:
Econometric analysis
The efficiency of the French Stock Market was examined. The data used here are the daily CAC40 index series for the period 09/07/1987-05/28/1999, with 3060 observations. We retain a daily frequency in the data insofar as if the efficiency hypothesis is rejected on the daily data, it should also be rejected on the weekly or the monthly data.
The implementation of the independence tests and the nonparametric analysis tools requires that the series be stationary. The Augmented Dickey-Fuller unit-root test shows that one unit root exists in the CAC40 series (see Table 1 ). The Phillips-Perron and Breitung's nonparametric unit root tests are applied in order to confirm these results.
These two tests are particularly important within the framework of the financial series because they are robust with the heteroscedasticity. They show also that the presence of a unit root in the price series is confirmed (see Table 2 ). So, this series is logdifferenced to give the Stock Exchange returns in Figure 2 .
As is shown in Table 3 , there is strong evidence that the null hypothesis of normality is rejected for the Stock Exchange returns. Leptokurtosis in the data is revealed by a high Kurtosis coefficient of 9.21 and a Jarque-Bera statistic of 5017.6. The nonparametric kernel density estimator confirms these results. Figure 3 shows the asymmetry and leptokurtic character of the distribution. This asymmetry may be caused by the presence of nonlinearities in this series. Moreover, the scatter diagram (see Figure 4 ) confirms these results where the obtained form is irregular ellipsoid and the distribution is typically non-Gaussian. This nonlinearity can testify, for example, to the presence of an ARCH effect, frequently encountered in financial time series. Table 4 presents the results of White and Breusch-Pagan heteroscedasticity tests. They show that the null hypothesis of homoscedasticity is rejected at 5% and so this returns series is heteroscedastic. It is noted thus that the presence of a conditional heteroscedasticityindicating that the returns are not iid-does not indicate market inefficiency.
As can be seen in Tables 5 and 6 , we note that the random walk hypothesis is clearly rejected. The nonparametric Mizrach and BDS statistics, which test for the presence of a linear or nonlinear dependence, are greater than the critical value at 5%. Therefore, the stock exchange returns process is mixing and predictable and this market is not weakly efficient. These tests generally show the presence of a significant autocorrelations different to zero in the short term. It is impossible to exploit these autocorrelations to establish a speculation rule leading to abnormal benefits. Consequently, we judge that these results do not enable us to conclude clearly in favour of inefficiency markets.
Various authors test this hypothesis while working on longer horizons. The nonparametric Mizrach and BDS tests led us to reject the null iid hypothesis but they cannot detect the presence of a long term dependence structure. For this reason, we retain in this application to the Stock Exchange returns series various values for the ordinates of the periodogram in order to frame the squared root number of observations.
We examine the stability of the estimators when the number of the periodogram varies.
As is seen in Table 7 , there is strong evidence that the CAC40 returns series exhibits short memory. The statistic values are smaller than the critical value at 5%. Nevertheless, the Stock Exchange returns are predictable in the short term. The presence of short-term dynamics indicates that the agents cannot anticipate their returns at sufficiently long horizons to allow them to 'beat the market'. The nonlinearity hypothesis of such processes seems acceptable. Consequently, the modelling of our series turns towards a nonlinear process. As it is very difficult to identify a nonlinear parametric process, we use the nonparametric approach based on the local linear estimator.
Any nonparametric model fitting requires the selection of the relevant lags and bandwidth. Optimally this is done within the same model class as the estimation itself.
For that, we use the nonparametric CAFPE.
In all cases, the maximum number of lags is restricted to be five and the largest lag to be considered is height. This amounts to checking different lag combinations for a full search procedure. Tjostheim and Auestad (1994) suggest adding lags as long as they reduce the selection criterion. However, their key idea is to choose the lags with respect to their contribution to this reduction. To be more precise, in the first step the most important lag is determined by selecting such that the selection term would require estimation of the first derivatives of the density in (4). As a result, the optimum bandwidth (9) is only estimated for the local linear model. The direct second derivatives needed for estimating can be estimated using a local quadratic estimator [cf. Tschernig and Yang (1996) ] with bandwidth:
To compute the residuals and the density that are used to estimate the expected variance of , we use a Silverman's bandwidth [see Silverman (1986) In order to estimate the Stock Exchange returns series, we use the Gaussian kernel.
The weight function is specified by:
where the constant c is determined such that observations are excluded and denotes the next larger integer of .
The results of the identification of the CAC40 index returns process are shown in Table 8 . It also contains the lags chosen, the values of the criterion and the estimated optimum window. When using this non-parametric model, we noticed that the residuals (Fig. 5) are not characterised by a Gaussian distribution (Table 9) ; we also noted the leptokurtic nature of the residuals (Fig. 6) . This asymmetry may indicate the presence of non-linear features in the residuals. The recurrence histogram (Fig. 7) confirms these results in which the residuals of the NAR model are not white noise showing the existence of periodicity and non-linearity. However, the results of Mizrach's nonparametric test applied to the residuals displays a dependence structure (Table 10 ).
These residuals can be modelled using the ARCH models as the presence of an ARCH effect is confirmed by the result of the ARCH LM test on the residuals ( ). In general, financial series display variable volatility and asymmetry phenomena that cannot be allowed for in conditional expectation modelling.
Description of the phenomenon requires the estimating of the volatility of returns using the non-parametric approach based on the kernel method.
The results of the estimation of the volatility of stock exchange returns are shown in Table 11 . It contains the lags chosen, the value of the criterion and the optimum window. It is noted that the standardised residuals do not display any form of dependence (Table 12) 
h is the horizon of prediction, H represents the sample for out-of sample prediction,
The non-parametric model NAR-ARCH was re-estimated until 8 May 1999 and the 20 subsequent date sets were forecast. Forecasts are dynamic for all date horizons. In this study, the predictive qualities of the process are compared with the random operation model, whereas returns cannot be forecast from past values in the same series; this is supported by the market efficiency theory.
With regard to Table 13 , it is noted that the forecasts provided by the non-parametric method are better than those resulting from a random operation model. We consider that this has a direct impact on the weak-form market efficiency. With non-parametric modelling, the series of CAC40 figures therefore seems to be forecastable in the short term. Analysis of the results shown in this table shows that the value of the RMAE criterion decreases with the forecasting horizon. It begins to grow with the horizon from Week 4 onwards. It increases with the forecasting horizon for the other criteria. This is explained by the fact that the series does not possess long-term dynamics and does possess a short-term component. Indeed, the movements observed appear to be the result of transitory exogenous shocks affecting the Paris market; the consequences of the shocks are therefore transitory, with a return of the price to its fundamental value.
We therefore consider that as short term market returns can be forecast, it is not possible a priori to develop profitable market strategies. The market is not weak-form efficient and prices do not reflect all the information available.
Conclusion
We have examined the efficiency of the Paris stock market by examining the behaviour of the CAC40 share price index using a non-parametric approach. We have shown that the method resulted in better forecasts than those given by a simple random operation model. A first technical result shows the advantage of use of the kernel method. It makes it possible to confirm and sometimes improve the results obtained using the traditional methods for the analysis of time series. It is therefore a serious alternative to the non-linearity hypothesis. However, it nonetheless seems necessary to deepen these results to test the efficiency of the French market using not only CAC40 series but also other series such as SBF 250. Finally, we consider that the nonparametric approach is becoming a powerful tool for the study of series of financial figures. Although the structure of the non-linear process is not known, we can now use non-parametric modelling to attempt to reduce our ignorance and decrease the proportion of chance. We can also improve our conception of the random by quantitative evaluation of the degree of randomness of the dynamic systems used to model series of financial figures. 
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